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Heat Invariant E2 for Nonminimal Operator
on Manifolds with Torsion
Vladimir V. Kornyak
Laboratory of Computing Techniques and Automation
Joint Institute for Nuclear Research
141980 Dubna, Russia
Abstract. Computer algebra methods are applied to investigation of spectral
asymptotics of elliptic differential operators on curved manifolds with torsion and
in the presence of a gauge field. In this paper we present complete expressions for
the second coefficient (E2) in the heat kernel expansion for nonminimal operator
on manifolds with nonzero torsion. The expressions were computed for general case
of manifolds of arbitrary dimension n and also for the most important for E2 case
n = 2. The calculations have been carried out on PC with the help of a program
written in C.
1 Introduction
Determination of the internal structure of an object via the spectra of differ-
ent radiations and waves around the object is one of the archetypal problems
in physics. More restricted mathematical version of this problem may be
formulated as follows. A manifold (bundle) equipped with such structures as
metric, curvature, torsion, gauge fields etc. and an elliptic (pseudo)differential
operator acting on this manifold are given. What information about the man-
ifold can one obtain studying the spectral properties of the operator? M. Kac
phrases the problem in the evocative title of his paper “Can one hear the
shape of a drum?”[1]. The answer to this radical question is negative. In
1964, J. Milnor [2] found a pair of isospectral (with respect to the Laplace
operator) but non-isometric tori in dimension sixteen, and recently, in 1999,
D. Schu¨th [3] constructed continuous isospectral families of metrics on the
product of spheres S4×S3×S3.1 Nevertheless, many global geometric invari-
ants, such as dimension, volume, and total scalar curvature, are known to be
spectrally determined. Moreover, various manifolds such as round spheres of
dimension less than or equal to six and 2-dimensional flat tori are uniquely
determined by the spectra of the Laplacian acting on them.
One of the most constructive approaches to study the spectral properties
of operators on manifolds is investigation of the heat kernel expansion. This
approach can be described briefly as follows. Starting with an elliptic operator
1 After the Milnor’s result many examples of multiply connected isospectral man-
ifolds have been constructed, but the Schu¨th’s construction is the first example
of closed simply connected isospectral but non-isometric Riemannian manifolds.
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A of the order 2r, acting on a bundle whose base is a compact close n-
dimensional manifold M , and introducing an additional “time” variable t
one can construct the heat operator A − ∂∂t . Then one can compute the
short-time asymptotic expansion of the diagonal elements of the kernel of
this heat operator:
〈x|e−tA|x〉 ∼
∑
m≥0
Em(x|A)t
m−n
2r , t→ +0 . (1)
The coefficients Em(x|A) in this expansion are spectral invariants of the op-
erator A, and encode information about the asymptotic properties of the
spectrum. These coefficients are called the heat invariants or heat kernel
coefficients. They are also widely known under the names Hadamard co-
efficients [4]2, Hadamard-Minakshisundaram-DeWitt-Seeley, DeWitt-Seeley-
Gilkey (HMDS or HAMIDEW, DWSG) coefficients, according to papers of
these authors [5,6,7,8]. The heat invariantsEm are of fundamental importance
in quantum field theory, quantum gravity, spectral geometry and topology
of manifolds. Many quantities of interest (such as the effective action, Green
function, anomalies in quantum field theory [6,7,8,9,10], the indices of elliptic
operators and the invariants of manifolds in spectral geometry [11,5,1,12]) are
expressed in terms of the heat invariants.
Most papers devoted to computation of the heat invariants deal with so-
called minimal operators whose leading term is a power of the Laplacian
and symbol is a scalar (w.r.t space-time indices). A typical example of such
operators is
A = − +X.
Here = gµνDµDν , Dµ is a covariant derivative including generally differ-
ent connections (affine and spinor connections, gauge fields), X is a matrix
in internal space, i.e., an operator acting in sections of the bundle. For min-
imal operators there are efficient enough methods for computing the heat
invariants.
In this paper we consider nonminimal operator of the form
Aµν = −gµν +aDµDν +Xµν , (2)
where Xµν is a tensor field (bundle indices are assumed implicitly), a is a
scalar parameter which should satisfy to the condition a < 1 for the positive
definiteness and, hence, for the ellipticity of operator (2). In recent years
special cases of operator (2) have been encountered by physicists studying
the quantization of gauge and gravitational fields in arbitrary gauges [10,13].
For example, the quantization of Yang-Mills field in an arbitrary covariant
background gauge leads to the operator
Aabµν = −δµν ab −
(
1
α
− 1
)
Dacµ D
cb
ν − 2facbGcµν ,
2 It was Hadamard who introduced these coefficients for scalar operator A already
in 1923 and established their essential properties.
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where Dµ is a covariant derivative containing the external field potential Aµ,
Gµν is a corresponding field strength, f
abc are the structure constants of a
corresponding Lie algebra and α is a scalar (gauge) parameter. Another ex-
ample: the quantization of electro-magnetic field in an external gravitational
field leads to the operator [14,15]
Aµν = −gµν −
(
1
α
− 1
)
DµDν +Rµν
(for an analogous operator in quantum gravity see [14]).
The torsion is defined as antisymmetric part of affine (or linear) connec-
tion
T λµν = Γ
λ
νµ − Γ λµν ,
where Γ λµν are connection coefficients. The Einstein’s General Relativity (see
e.g. [16]) is based on a special connection called Levi-Civita connection, i.e.,
symmetric and compatible with metric affine connection. This connection can
be expressed completely in terms of metric and is torsionless. The General
Relativity well describes the interaction of the matter with the gravity as far
as macroscopic bulk matter is considered. However, on the microscopic level,
where the elementary particles posses such quantum property as spin, it seems
necessary to take into account the influence of spin on the geometry of space-
time. To describe the interaction of spinning particles with the gravitation,
a gravitation theory should include the non-vanishing torsion. In 1922 Elie
Cartan first pointed out [17,18] that there is no a priori reason to assume
an affine connection to be symmetric in the context of General Relativity.
He proposed also a theory of gravitation with torsion which development is
known now as the Einstein-Cartan theory. The torsion arises naturally in
the different (based on Poincare´ and affine groups) gauge theories of gravity
developed in the recent years (see Refs. [19,20]). Moreover, all kinds of modern
superstring theories [21] (for the recent review see e. g. [22]), which allow to
deduce the properties of space-time, also predict, along with the metric, the
existence of torsion.
In [23] we computed the heat invariants for operator (2) up to E4 but
for manifolds without torsion. In this paper we consider more general (and
computationally much more difficult) case of manifolds with torsion.
2 Algorithm and Implementation
The algorithm we use was developed by V. Gusynin [24,25]. This algorithm is
based on the covariant generalization of the pseudodifferential calculus given
by Widom [26]. The main advantage of this algorithm is its universality. It
can be applied to the wide class of pseudodifferential operators, in particular,
to the nonminimal and higher-order operators intractable by other methods
such as the DeWitt ansatz [6] for heat kernel matrix elements.
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The algorithm has the following main features. For a positive elliptic
operator A the spectrum of which lies inside a contour C, the heat operator
exp(−tA) can be expressed in terms of the resolvent (A−λ)−1 via the formula
e−tA =
∫
C
idλ
2pi
e−tλ(A− λ)−1. (3)
The pseudodifferential calculus method uses the following representation for
the matrix elements of the resolvent
G(x, x′, λ) ≡ 〈x| 1
A− λ |x
′〉 =
∫
dnk
(2pi)n
√
g(x′)
eil(x,x
′,k)σ(x, x′, k;λ), (4)
where σ(x, x′, k;λ) is an amplitude, l(x, x′, k) is a (real) phase function which
is a biscalar with respect to general coordinate transformations, k is a wave
vector.
The resolvent satisfies the equation (A − λ)G = 1 which leads to the
equation for the amplitude:
(A(x,Dµ + iDµl)− λ)σ(x, x′, k;λ) = I(x, x′), (5)
where I(x, x′) is a transport function having both bundle and Lorentz indices.
In the pseudodifferential calculus, it is assumed that in the flat space the
phase function has the form l = (x − x′)µkµ. The covariant analogue of the
linearity of the function l is based on the requirement that all higher-order
symmetrized covariant derivatives of l(x, x′, k) vanish at the points x = x′, i.
e., satisfy the infinite set of relations [26]:
[{Dµ1 . . . Dµm}l] = 0, m > 1, (6)
where {. . .} means symmetrizing in all indices, and [. . .] means transition
to coincidence limit (x = x′). In an analogous way, the covariant transport
function should satisfy the relations:
[{Dµ1 . . . Dµm}I] = 0, m ≥ 1. (7)
Equations (6) and (7) together with the “initial conditions” [l] = 0, [Dµl] = kµ
and [I] = 1l (unit operator) allow one to compute the coincidence limits
for nonsymmetrized covariant derivatives [Dµ1 . . .Dµm l] and [Dµ1 . . .DµmI].
These nonsymmetrized derivatives are obtained directly from (6) and (7) by
reducing all terms to a unified index ordering with the help of the Ricci iden-
tity. The resulting expressions are universal polynomials in the torsion T λµν ,
curvature tensor Rλµνη, gauge curvatureWµν and their covariant derivatives.
In fact, once computed and stored the coincidence limits [Dµ1 . . . Dµm l] and
[Dµ1 . . .DµmI] can be used in many calculations for different operators A.
The functions l(x, x′, k) and I(x, x′), introduced with the help of formulas
Heat Invariant E2 5
(6) and (7),3 play an important role in the covariant pseudodifferential cal-
culus called also intrinsic symbolic calculus [26]. In fact, just these universal
functions manifest the geometric properties of a base manifold and a bundle.
Expanding the amplitude σ in degrees of homogeneity of k:
σ =
∞∑
m=1
σm(x, x
′, k;λ),
we obtain the recursion equations for σm from equation (5). For example, for
operator (2) these recursion expressions take the form
Aµλσ0λν = I
µ
ν ,
Aµλσ1λν + i
[−gµλ( l + 2DηlDη) + a(DµDλl +DµlDλ +DλlDµ)]
× σ0λν = 0,
...
Aµλσmλν + i
[−gµλ( l + 2DηlDη) + a(DµDλl +DµlDλ +DλlDµ)]
× σ(m−1)λν + (−gµλ +aDµDλ +Xµλ)σ(m−2)λν = 0, m ≥ 2,
where the matrix
Aµν = gµν(DηlDηl − λ) − aDµlDν l
is the principal symbol for operator (2). Solving the recursion equations we
obtain σm. The heat invariants are expressed in terms of integrals of the
coincidence limits [σm]:
Em(x|A) =
∫
dnk
(2pi)n
√
g
∫
C
idλ
2pi
e−λ[σm](x, k, λ) ≡ J([σm]). (8)
The integrals in (8) can be expressed in terms of gamma and Gauss hyper-
geometric functions for a wide class of operators A. The typical integral of
terms of the coincidence limit [σm] takes the form
J
( k2pkµ1 . . . kµ2s
(k2r − λ)l[(1 − a)k2r − λ]m
)
=
g{µ1...µ2s}
Γ ((p+ s+ n/2)/r)
(4pi)n/22srΓ (n/2 + s)Γ (l +m)
F (m, (p+ s+ n/2)/r; l+m; a),
where g{µ1...µ2s} is a symmetrized sum of products of metric tensors. Using
the fact that m and l are whole numbers, one can express the hypergeometric
function in (9) in terms of elementary functions with the help of the Gauss
relation
a(1−z)F (a+1, b; c; z) = (c−a)F (a−1, b; c; z)+(2a−c−az+bz)F (a, b; c; z),
(9)
3 The existence of these functions has been proved in [26].
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and using then the formula [27]
F (1, b;m; z) = (m− 1)! (−z)
1−m
(1− b)m−1
[
(1 − z)m−b−1 −
m−2∑
k=0
(b −m+ 1)k
k!
zk
]
,
m = 1, 2, . . . , m− b 6= 1, 2, . . . ,
where (a)k = a(a+1) . . . (a+ k− 1) is the Pochhammer symbol (shifted fac-
torial). During simplification of tensor expressions we use various symmetry
properties of the tensors Rληµν , T
λ
µν ,Wµν , and also the Ricci identity
[Dµ, Dν ]ϕ
η1...ηl
λ1...λk
=
l∑
i=1
Rηiαµνϕ
η1...ηi−1αηi+1...ηl
λ1...λk
−
k∑
i=1
Rαλiµνϕ
η1...ηl
λ1...λi−1αλi+1...λk
+ TαµνDαϕ
η1...ηl
λ1...λk
+Wµνϕ
η1...ηl
λ1...λk
,
the Bianchi identities for both affine and gauge curvatures
DαR
β
γδǫ +DδR
β
γǫα +DǫR
β
γαδ
+T λαδR
β
γǫλ + T
λ
δǫR
β
γαλ + T
λ
ǫαR
β
γδλ = 0,
DαWβγ +DβWγα +DγWαβ
+WαλT
λ
βγ +WβλT
λ
γα +WγλT
λ
αβ = 0,
and the cyclic identity
Rαβγδ +R
α
γδβ +R
α
δβγ +DβT
α
γδ +DγT
α
δβ +DδT
α
βγ
+TαβλT
λ
γδ + T
α
γλT
λ
δβ + T
α
δλT
λ
βγ = 0.
The above algorithm has been implemented in the C language. The C code
of total length about 11000 lines contains about 250 functions for different
manipulations with tensors and scalars. These functions are gathered into
two programs DWSGCOEF and COLIM.
The COLIM program computes coincidence limits of the l(x, x′, k) and
I(x, x′) functions and writes them to the disk. Once computed and stored4 the
coincidence limits, being universal functions, can be used in many calculations
for different operators A.
The DWSGCOEF program computes Em coefficients by the following
steps:
1. Reading input information (operator, order m, etc.)
2. Computing a set of asymptotic operators for constructing recursion equa-
tions.
4 For the operators of different tensor ranks A,Aµν , . . . the coincidence limits for
the functions I, Iµν , . . . should be computed separately.
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3. Computing σm with the help of the recursion equations.
4. Taking the coincidence limit [σm].
5. Integrating [σm] to obtain the coefficient Em.
6. Substituting tensor expressions for [Dµ1 . . . Dµk l] and [Dµ1 . . . DµkI] into
Em.
7. Reducing hypergeometric to elementary functions in the scalar coefficients
( Ci in the formulas of Section 3) including in the heat invariants in
the case of nonminimal or higher-order operator. Eliminating possible
linear dependencies among these scalar coefficients5 to make the resulting
formulas as compact as possible.
8. Output Em (and its Lorentz trace in the nonminimal case).
To cut down the swelling of the intermediate expressions, we use term-by-
term strategy, i.e., the most cumbersome Steps 4-6 are applied consecutively
to single terms of σm generated during the execution of Step 3.
3 Heat Invariant E2
We present here the full expression for the coefficient E2 and also its trace
with respect to Lorentz indices for nonminimal operator (2) on a curved man-
ifold with the torsion and gauge field manifested itself in the gauge curvature
Wµν . We consider the case of arbitrary dimension n and also the most im-
portant6 for E2 case n = 2. In the below formulas the indices α, β, γ and µ, ν
are dummy and free, correspondingly. We use the following definition for the
torsion trace: Tµ = T
α
αµ.
3.1 Full Expression
E2 = (4pi)
−n
2
{
−C1Xµν − C2 (Xνµ + gµνXαα) + C3
(
Wµν +
8
3
DαT
αµν
+
19
6
TαT
αµν
)
+ C4R
µν − C5Rνµ + C6 (DαT µαν +DαT ναµ)
+C7Tαβ
µTαβν + C8Tαβ
µT βαν + C9
(
Tαβ
µT ναβ + Tαβ
νT µαβ
)
−C10T µαβT ναβ + C11DµT ν − C12DνT µ + C13Tα (T µαν + T ναµ)
−C14T µT ν + C15gµν (R +DαTα) + C16gµνTαTα
+(C16 − C15) gµνTαβγT βαγ − C17gµνTαβγTαβγ
}
.
5 Usually there are many dependencies among the scalar coefficients which are not
seen in terms of hypergeometric functions, i.e., quite different hypergeometric
expressions may be reduced sometimes to the same elementary function.
6 The Atiyah–Singer index of an elliptic operator on a manifold of dimension n
can be expressed in terms of an integral of En over the manifold.
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Coefficients Ci in arbitrary dimension n:
C1 =
1
a(n− 2)n(n+ 2)
{
(1−a)−n2 (−3an− 6a+ 4n+ 4) + an3 − 2an2
−3an+ 6a− 4n− 4} ,
C2 =
1
a(n− 2)n(n+ 2)
{
(1−a)−n2 (an+ 2a− 4) + an− 2a+ 4} ,
C3 =
1
a(n− 2)n
{
(1−a)1−n2 (an− 8) + 3an− 8a+ 8} ,
C4 =
1
6a(n− 2)n(n+ 2)
{
(1−a)−n2 (17a2n2 + 34a2n− 17an2 − 168an
−268a+ 140n+ 256)− 53an2 + 40an+ 268a− 140n− 256} ,
C5 =
1
6a(n− 2)n(n+ 2)
{
(1−a)−n2 (15a2n2 + 30a2n− 15an2 − 152an
−244a+ 116n+ 256)− 43an2 + 24an+ 244a− 116n− 256} ,
C6 =
1
6a2(n− 2)n(n+ 2)
{
(1−a)−n2 (a3n2+2a3n−a2n2−20a2n−36a2
+12an+ 96a− 48) + a2n2 − 16a2n+ 36a2 + 12an− 96a+ 48} ,
C7 =
1
6a2(n− 2)n(n+ 2)(n+ 4)
{
(1−a)−n2 (−a3n3 − 6a3n2 + a2n3−
8a3n+ 30a2n2 + 152a2n−24an2 + 192a2−240an−576a+ 144n
+288)−7a2n3 + 18a2n2 + 64a2n−48an2−192a2 + 96an+ 576a
−144n− 288} ,
C8 =
1
6a2(n− 2)n(n+ 2)
{
(1−a)1−n2 (a2n2 + 2a2n− 24an− 48a+ 144)
−7a2n2 + 34a2n− 48a2 − 48an+ 192a− 144} ,
C9 =
1
a2(n− 2)n(n+ 2)(n+ 4)
{
(1−a)−n2 (a2n2 + 6a2n+ 8a2 − 12an
−48a+ 48)− a2n2 + 6a2n− 8a2 − 12an+ 48a− 48} ,
C10 =
1
12a2(n− 2)n(n+ 2)(n+ 4)
{
(1−a)−n2 (−a3n3 − 6a3n2 + a2n3−
8a3n+ 30a2n2 + 152a2n+ 192a2 − 192an− 768a+ 576)− a2n3
−6a2n2 + 88a2n− 192a2 − 96an+ 768a− 576} ,
C11 =
1
3a2(n− 2)n(n+ 2)
{
(1−a)1−n2 (−9a2n2 − 18a2n+ 76an+ 152a
−24) + 2 (−13a2n2 + 6a2n+ 76a2 − 32an− 88a+ 12)} ,
C12 =
1
3a2(n− 2)n(n+ 2)
{
2(1−a)1−n2 (−5a2n2 − 10a2n+ 38an+ 76a
+12) −31a2n2 + 26a2n+ 152a2 − 88an− 128a− 24} ,
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C13 =
1
6a(n− 2)n(n+ 2)(n+ 4)
{
(1−a)−n2 (a3n3 + 6a3n2 − a2n3 + 8a3n
−18a2n2−80a2n+12an2−96a2+72an+96a−48n+96)+a2n3
−18a2n2 + 8a2n+ 12an2 + 96a2 − 120an− 96a+ 48n− 96} ,
C14 =
1
2a2(n− 2)n(n+ 2)
{
(1−a)1−n2 (−a2n2 − 2a2n+ 8an+ 16a− 16)
−a2n2 − 2a2n+ 16a2 − 32a+ 16} ,
C15 =
1
6a(n− 2)n(n+ 2)
{
(1−a)−n2 (−a2n2−2a2n+an2+8an+12a−24)
+an3 − an2 − 12a+ 24} ,
C16 =
1
12a2(n− 2)n(n+ 2)(n+ 4)
{
(1−a)−n2 (−a3n3 − 6a3n2 + a2n3
−8a3n+ 6a2n2 + 8a2n+ 48an+ 192a− 288)+ a2n4 + 3a2n3
+2a2n2 − 48a2n+ 96an− 192a+ 288} ,
C17 =
1
24a2(n− 2)n(n+ 2)(n+ 4)
{
(1−a)−n2 (−a3n3 − 6a3n2 + a2n3
−8a3n+ 30a2n2+152a2n+ 192a2−192an−768a+576)+a2n4
+3a2n3 − 10a2n2 + 72a2n− 192a2 − 96an+ 768a− 576} .
Coefficients Ci in the dimension n = 2:
C1 = −3 ln(1−a)
4a
− 2− a
8(1−a) ,
C2 =
ln(1−a)
a
+
2− a
2(1−a) ,
C3 = − (a− 4) ln(1−a)
2a
+ 2,
C4 =
(17a− 67) ln(1−a)
12a
+
137a− 134
24(1−a) ,
C5 =
(15a− 61) ln(1−a)
12a
+
119a− 122
24(1−a) ,
C6 =
(a2 − 9a+ 6) ln(1−a)
12a2
+
(3a− 2)(a− 2)
8a(1−a) ,
C7 = − (a
2 − 12a+ 12) ln(1−a)
12a2
− 2a
2 − 9a+ 6
6a(1−a) ,
C8 = − (a
2 − 12a+ 18) ln(1−a)
12a2
+
a− 6
4a
,
C9 =
(a− 2) ln(1−a)
4a2
− a
2 − 12a+ 12
24a(1−a) ,
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C10 = − (a
2 − 12a+ 12) ln(1−a)
24a2
− 2a
2 − 9a+ 6
12a(1−a) ,
C11 =
(9a2 − 38a+ 3) ln(1−a)
6a2
− 73a− 6
12a
,
C12 =
(10a2 − 38a− 3) ln(1−a)
6a2
− 79a+ 6
12a
,
C13 =
(a− 6) ln(1−a)
12a
+
2a− 3
6(1−a) ,
C14 =
(a2 − 4a+ 2) ln(1−a)
4a2
− 3a− 2
4a
,
C15 = − (a− 3) ln(1−a)
12a
− 7a− 10
24(1−a) ,
C16 = − (a
2 − 6) ln(1−a)
24a2
− 3a
2 + a− 6
24a(1−a) ,
C17 = − (a
2 − 12a+ 12) ln(1−a)
48a2
− 3a
2 − 10a+ 6
24a(1−a) .
3.2 Lorentzian Trace
trLE2 = (4pi)
−n
2
{−C1Xαα + C2R − C3TαβγTαβγ + C4TαβγT βαγ
+C5DαT
α + (C4 + C5)TαT
α}
Ci for the trace in arbitrary dimension n:
C1 =
(1−a)−n2 + n− 1
n
, C2 =
(1−a)−n2 (−an+ n+ 6) + n2 − n− 6
6n
,
C3 =
1
24an(n+ 2)
{−(1−a)−n2 (a2n2 + 2a2n− an2 − 26an− 48a+ 96)
+an3 + an2 + 22an− 48a+ 96} ,
C4 =
1
12an(n+ 2)
{
(1−a)−n2 (a2n2 + 2a2n− an2 − 14an− 24a+ 48)
−an3 − an2 − 10an+ 24a− 48} ,
C5 =
1
6a(n− 2)n
{−(1−a)−n2 (a2n2 + 4a2n− an2 − 10an− 36a+ 48)
+an3 − 3an2 + 14an− 36a+ 48} .
Ci for the trace in the dimension n = 2:
C1 =
2− a
2(1−a) , C2 =
2 + a
6(1−a) , C3 =
1
12
, C4 = −1
6
,
C5 = − (a− 4) ln(1−a)
2a
− 11a− 14
6(1−a) .
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4 Conclusion
The program computes E2 with torsion for operator (2) rather easily (about
10 sec on a Pentium-75 PC). Unfortunately, computational complexity of
the problem under consideration is very high. For example, the timings for
torsionless computations of E2 and E4 for the same operator (2) are < 1 sec
and 4 h 5 min, correspondingly. It is clear that the inclusion of the torsion
increases the computational efforts considerably and the computation of E4
with torsion may take too much time. Another problem is the volume of the
resulting expressions. There are two ways to handle this problem. First of
all, some work is needed for developing of algorithms for further reduction of
large tensor expressions. However, due to the natural complexity of the heat
invariants, one can not hope to make the higher-order invariants tractable by
hand. Thus, the methods for automatic usage of these invariants should be
elaborated.
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